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ESTABLISHMENT OF DUCTILITY FACTOR BASED ON
ENERGY ABSORPTION AND EVALUATION
OF PRESENT METHODS

Franklin Y. Cheng, Kenneth B. Oster
and Prasert Kitipitayangkul

SYNOPSIS

This paper reviews two conventional definitions of ductility fac-
tor on the basis of rotation and curvature and then proposes two new
formulations based on the dissipated strain energy. The advantages and
_disadvantages of each of the methods are discussed along with some i1-
lustrations. These four ductility definitions are finally employed in
the seismic response studies of a ten-story, one-bay plane rigid frame
and a ten-story, one-bay three-dimensional building system with con-
crete floors and steel columns. The plane structure is subjected to
two-dimensional ground motions and the responses of the three-dimen-
sional building are due to the interacting earthquake motions of two
horizontal and one vertical. The numerical examples reveal that the
ductility definitions based on the energy are more suitable to inter-
acting ground motions than the conventional definitions and that the
interacting earthquake motions can demand larger ductilities than
those for one dimensional motion.

RESUME

Cette communication fait &tat des définitions conventionnelles
des facteurs de ductilité basés sur la rotation ou courbure. Deux
autres nouvelles définitions sont aussi proposées mais tasées sur le
concept de l'érergie dissipée. Les avantages et désavantages de chaque
définition sont présentés. Pour les quatre définitions de ductilité;
deux bitiments de dix &tages sont &étudiés dont 1'un est traité comme
un cadre planaire, l'autre comme une structure en trois dimensions.
Les exemples numériques démontrent que la définition de la ductilité
basée sur le concept &nergétique est plus adéquate.
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INTRODUCTION

In seismic design, economic considerations generally require that
some of the energy input into a structural system during strong earth-
quake motions be dissipated by large inelastic deformations. It is
common to express the maximum required inelastic deformation in terms
of ductility factor. However, there is not any uniform technique of
measuring the ductility. The current methods of evaluating the ductil-
ity factor are only suitable for a Timited type of hysteresis. In this
paper four definitions of the ductility ratio for determining the duc-
tility requirement of earthquake structures are included. The corres-
ponding excursion ratio is also given to indicate the total plastic
rotation or dissipated energy of each node of structural members during
the loading process. These four ductility ratios are based on rotation
of antisymmetric bending, curvature, variable energy, and mixed energy.
Each of these methods will be reviewed and then some comparative
studies of numerical results will be revealed.

DESCRIPTION OF METHODS

1. Ductility ratio based on rotation of antisymmetric bending--
The traditional definition (1, 2) of the ductility ratio yy is based
on anti-symmetrical bending of a structural member. The half cycle of
the moment-rotation curve for either end of such a member is shown in
Fig. 1 based on a bilinear material response. Both ends of the member
become plastic when the end moment reaches the plastic moment, My. The
ductility ratio based on anti-symmetrical bending is defined as %he
maximum absolute nodal rotation |8|max divided by the yield rotation
By. Using the notation of Fig. 1, uj can be written as

[o] 9. +a
T e e R R (1)
y y y

where o = plastic rotation. Since the yield rotation is based on anti-
symmetrical bending, it can be expressed as e¥ = MpL/GEI, where L is
the length of the member and EI is the member's flexural rigidity.

The excursion ratio €1 corresponding to the ductility ratio can be

defined as the total plastic rotation of a node of a member divided by
the yield rotation of the joint. Thus
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where N, = total number of times the node becomes plastic, oj = plas-
tic rotation of the node during a half cycle of rotation i, and 6, =
yield rotation of anti-symmetric bending. In terms of the ductility
ratios the excursion ratio can be written as
N
u
i=]
where up; is the ductility ratio for the half cycle plastic rotation i.

Discussion of the method--When considering a typical moment re-
sisting frame subjected to both horizontal and vertical components of
an earthquake, anti-symmetrical bending is seldom present in any of
the members. A typical example of the moment-rotation curve for a
joint in a structure excited by both horizontal and vertical ground
motions is shown in Fig. 2. The single-bay frame contains a node at
the center of the girder where half of the total girder mass is as-
sumed concentrated. The nonlinearity of the response curve is the re-
sult of the vertical component of the ground motion acting on the mass
at the center of the girder. It is apparent that the use of the yield
moment rotation based on anti-symmetrical bending would only normalize
the total nodal rotation. An adequate indication of the ductility re-
quirement of the members would only be obtained if all members had the
same end moment relationship.

The yield rotation for a typical member is a function of its
yield moment, stiffness properties, and the moment conditions at the
opposite end of the member. The general equation for the yield rota-
tion can be written as 6, = CMyL/EI, where C is the coefficient based
on the moment condition at the opposite end of the member. Table 1
Tists the value of C based on selected end moment conditions for the
opposite end.

The coefficient C has a minimum value based on anti-symmetrical
bending. Therefore, the use of the equation for 6, based on anti-
symmetrical bending will result in larger ductility and excursion ratio
values for members not subjected to anti-symmetrical bending.

2. Ductility ratio based on curvature--The ductility ratio based

on curvature (1, 2} is defined in terms of Fig. 3 as follows:
_ Pmax - fy MR _ %
2T, T T Tty i
y y y

where épax = maximum curvature, ¢, = curvature at yield, and ¢g =
plastic curvature. For members which contain anti-symmetrical bending
this equation for uy is the same as for yuj.
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For bilinear systems this ratio can be expressed in terms of the
moment value of Fig. 3 as follows:

M - M
=1+_mE>F:T_E (5)
p

where Mpayx = maximum moment at the end of a member, M, = plastic moment
of the member, and p = rate of strain hardening.

H2

The excursion ratio e, corresponding to the ductility ratio based

on curvature can be defined as

N N

ucbo U
= 1 2= I luyy - 1) (6)
y i=]
where N, = total number of time the node of a member becomes plastic,
and u2i = ductility ratio for the half cycle plastic rotation i. The
excursion ratio can also be expressed in terms of bending moment or
ductility ratio as:

€
e

N N
b M)y - M H

= L L g - ) ™
1= p 1=

Discussion of the method--A couple of advantages of the second
definition for ductility over the first can be noted. First, as men-
tioned above, the ductility requirements based on curvature are appli-
cable to nonsymmetrically loaded members as well as ones loaded sym-
metrically. Also, when analyzing bilinear systems, both the ductility
and excursion ratios using the second definition can be determined
from calculated end-moments.

Disadvantages of the method may be revealed by considering the
reversal of the stress field occurring in flexural members. When a
member has a stress reversal, the Bauschinger effect is present. This
consists of the effect of straining a material in tension beyond its
yield point and then reversing the load to obtain a Tower yield point
in compression than would be obtained if not initially placed in ten-
sion. This reduction is the result of residual stresses left in the
material due to the tensile deformations. The Bauschinger effect is
applicable to flexural members due to the stress reversals present
above and below the neutral axis of the member cross-section.

There are several methods one can use to take into consideration
the Bauschinger effect. The method used here and by most investigators
consists of limiting the stress range or the elastic unloading range to
2Mp. This causes the total elastic range of the material to remain
constant. Figure 4 illustrates this method as applied to bilinear sys-
tems. A constant 2Mp is present in elasto-plastic systems by virtue of
no strain hardening.

There are some questions as to the adaptability of the first two
definitions of the ductility ratio when the stress range of 2M, is used
for bilinear systems. Figure 4 illustrates a situation which may
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result in a misleading ductility ratio. In this situation the first
bilinear half cycle of rotation results in a large amount of plastic
rotation. With a 2M, stress range, the second half cycle of rotation
will have a Tow abso?ute magnitude for M,; a corresponding low value
for 8y will result. Even though the amount of plastic rotation during
the second half cycle of rotation is less than the first, a Targer duc-
tility ratio will result in misleading values for both half cycles of
rotation.

3. Ductility ratio based on variable energy--The third defini-
tion for the ductility ratio is proposed herein which is intended for
all member end conditions and loading conditions (2). The ductility
ratio should reflect the maximum necessary plastic rotation which a
member must withstand as related to its yield condition. The yield
condition.is a function of the end condition of the member at the time
of the plastic rotation.

When plastic rotation of the end of a member occurs, energy is
dissipated in the form of strain energy. For an elasto-~plastic system
the amount of strain energy dissipated during the plastic rotation is
directly proportional to the amount of rotation. This relationship be-
tween plastic rotation and dissipated strain energy provides ways of
formuTating the ductility ratio based on dissipated strain energy.

This third definition of ductility ratio can be stated as the ratio of
the dissipated strain energy of a member end to the total elastic
strain energy in the member plus one as

=1+ ds (8)

where E . = dissipated strain energy of a member end during half cycle
of jo1n% rotation as shown in Fig. 5, and Eigg = total elastic strain
energy in the member under consideration.

The excursion ratio based on the third definition for the ductil-
ity ratio is given below which indicates the total amount of energy
that is dissipated in a node of a member due to plastic rotation:

N N
Psi (9)
= Ve =
391 Besy g1
where N, = total number of times joint becomes plastic during earth-
quake exc1tat1on, uzj = ductility ratio during half cycle j, Egsj =
dissipated strain energy during half cycle j, and Etes = total e]as-

tic strain energy in member while end-moment is maximum during half
cycle j.

Discussion of the method--This third definition is similar to the
previous definitions in that the ductility ratio is greater than one
when plastic rotation occurs. Also, since the d1ss1pated strain energy
is related to the p]astlc rotation, any increase in the plastic rota-
tion results in an increase in the dissipated strain energy and a cor-
responding increase in the ductility ratio. The total elastic strain
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energy in a member is a function of the work produced by the end mo-
ments going through the end rotations while in the elastic range. The
elastic strain energy of the total member is used so that the yield
condition of the member end in question is based on the end conditions
of both ends of the member. The elastic strain energy stored in a ;
member by its end moments is independent of the manner in which the i
end moments are reached. Therefore, the above definition of ductility
ratio is especially applicable to structures excited by both horizon-
tal and vertical earthquake components where a nonlinear relationship
of end-moment and rotation is present.

The maximum deviation a moment-rotation can have from the usual
linear relationship is shown in Fig. 6 for an elasto-plastic system.
Parallelogram ABCD establishes the boundary to be discussed. Lines QA
and OB illustrate the linear paths for a member under anti-symmetrical
bending and pure bending, respectively. Lines OC and 0D correspond to
the negative paths of the same two bending conditions. Curve 0G rep-
resents a typical curve comparable to the curve in Fig. 2 where the
moment-rotation relationship is nonlinear.

An example will be shown to illustrate that the elastic strain
energy in a member is independent of the manner in which the final end
moments are obtained. Assume the final bending condition of a beam
consists of anti-symmetrical bending with an end moment of M, as indi-
cated by point A of Fig. 6. This condition is assumed to be reached
by two different ways. First, Tet the member bending condition be
reached by anti-symmetrical bending from the unloaded to loaded condi-
tion. The moment-rotation curve for each end of the member for this
way of loading will be path OA of Fig. 6. Second, the moment at the
right end of the member is decreased to a negative M, value while no
moment is applied to the left end; a rotation of -MpE/3EI and -MyL/6EI
will result at the right and left ends of the member, respectively.
Now with the simultaneous application of increasing moments of M, and
2Mp to the left and right ends of the member, respectively, the final
anti-symmetrical bending case is realized. The moment-rotation paths
are also shown in Fig. 6. Dashed Tine OEA represents the left end
while dashed line OHA represents the right end of the member.
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The resulting elastic strain energy for each of the ways of in-
creasing to the final anti-symmetrical bending is found from the area
under the moment-rotation curves. These areas are shown in Fig. 7 for
the second approach to the anti-symmetrical bending condition.

(1) Anti-symmetrical increase in end moments
2

L M- L

)M = B

2'6E1 p 6El

(2) various increases in end moments

Ees1 =

ML ML ML
P P 1M 1,
Fesz = 0+ 2(3Er ) (M) + Z(ger ) (M) + (g ) (M)
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M2 L

= P
6EI

Therefore, Eqg] = Eeg2, which illustrates that the elastic strain en-
ergy in a member is independent of the manner in which the final end
moments are obtained. Apparently, the nonlinearity of the moment-
rotation curves, when considering both horizontal and vertical earth-
quake components in conjunction with girder nodes, does not invalidate
the third definition of the ductility ratio.

The advantages of the third definition for ductility ratio based
on energy can be stated as follows:

1. Definitijon is general and applies to nonsymmetrical bending.

2. Definition is independent of the moment-curvature relation-
ship assumed. Elasto-plastic, bilinear as well as the
Ramberg-0sgood relationships can be used.

3. Definition is more adaptable when considering a bilinear re-
sponse with a 2Mp elastic stress range.

4. No problem results when moment-rotation relationship is non-
linear due to inclusion of the vertical earthquake motion.

5. Dissipated and elastic energy values used in definition are
easily determined from the area under the M-8 curve for the
step-by-step method of analysis.

6. Definition is proportional to the energy dissipated in a node
of a member due to plastic rotation.

The disadvantages to the third definition of the ductility ratio
are that the actual nodal rotation in the plastic range cannot be
found directly from the ductility ratio and that the ductility ratio
may be overestimated when E¢ag is relatively small during one of the
cycling responses.

4. Ductility ratio based on mixed energy--This definition is sim-
ilar to the third one except that the elastic strain energy of a mem-
ber, Etess; will be based on the plastic moments and the corresponding
plastic rotations of the member (3). Thus Etes is a constant as
MZ L/6EI. However, the dissipated strain energy will be the same as
gEven in the previous definition. It is apparent that the pitfall of
a small value of Etas during any hysteresis loop, as discussed in vari-
able energy, will not appear in this definition.

NUMERICAL EXAMPLES

Example 1--The ten-story, one-bay rigid frame shown in Fig. 8 is
analyzed for the vertical and the N-S horizontal components of 1940 El
Centro earthquakes. No magnification factor is included in the loading.

Reduction of the allowable bending moment Mp in each column is
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considered on the basis of the AISC specifications (4). The P-delta
effect due to vertical dead load and ground motion is included in the
analysis. Initial moments in the structure due to static loads are
not included. The maximum ductility and excursion ratios for each
girder of the elasto-plastic system are shown in Figs. 9 and 10 for
each definition of ductility considered. Since the structure has
strong columns, the plastic hinges only occur in the columns at the
supports; consequently, the ductility and excursion ratios are not
shown. The effect of interacting ground motions of each of the struc-
tural models on the ductility factor and excursion ratio are shown in
Fig. 11. Figure 12 reveals the influence of damping on the ductility
requirements.

Observations--The results shown in Figs. 9-12 may be summarized
as follows:

1. A similar pattern in the variation of the girder ductility
ratios based on the three definitions is realized for the
structures studied. A qualitative determination of the duc-
tility requirements could be made by either of the three
definitions.

2. The ductility ratio based on symmetrical bending always yields
a higher ratio than that obtained on the basis of curvature
and energy. The ductility ratio based on energy seems higher
than that defined by curvature.

3. Due to the lower value of the ductility ratios for the strong
column frame, the difference in the ductility definitions are
not as significant as in the structures with weak columns
which are not included in the paper.

4. The use of the ductility ratio based on energy provides a
reasonable estimator of the ductility requirement of a struc-
ture containing members having unsymmetrical bending and a
constant stress range.

5. Model 2 provides a better simulation of a structural system
by allowing possible plastic hinges to occur at the center of
girders.

6. Vertical ground motion affects the response parameters more
for Model 2 than Model 1 particularly on structures with
weaker columns.

7. The maximum ductility requirements for the ten-story frame
occur approximately at the quarter points in its height.

Example 2--The ten-story and one-bay three-dimensional building
system shown in Fig. 13 has rigid concrete floors for which the columns
have the deformations of torsional, axial, and bending about both major
and minor axes of individual members. Because of the rigid slab, each
floor should have two common translatory movements and one rotation.
The formulation of the structural system may be found in Ref (3, 5).
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The material behavior is given in Figs. 14 and 15 for which a = 1 and
vy = 20 are used in this exampie. The moment-rotation relationships
about both axes of column No. 3 at fifth fioor are shown in Figs. 16
and 17 (top column) as well as 18 and 19 (bottom column). The results
are due to two dimensional ground motions of N-S (applied in x-direc-
tion) and E-W (in y-direction) of E1 Centro 1940. The comparisons of
ductility factors about the major axis of columns, resulting from N-S
component, are given in Fig. 20; the comparisons of the ductility fac-
tors about the major axis influenced by the three components are shown
in Fig. 21. 1In the example, the scale of the N-S and the vertical

- components in three; however, no scale is used for the E-W component

because this one-bay structure is considerably weak in y-direction.
Al11 the analyses are based on the eight seconds of earthquake record
and the P-A effect is considered but no damping is included.

Observations--This example reveals that the interacting ground
motion can yield very complicated hystersis Toops of moment-rotation
relationships of a three-dimensional system. Apparently there is not

- a conclusive definition of ductility for exactly measuring the inelas-

tic deformation of such a structure. However, the patterns of the
ductility factors based on rotation, variable energy, and mixed energy
are very similar. Also worthy to note that the one-dimensional ground
motion demands larger ductility on the top floor while the three-dimen-
sional interacting motions significantly influence the ductility fac-
tors at the eighth floor. The ductility factors based on rotations

are always the largest. However, the definition based on the mixed
energy yields the least, and is believed to be the most accurate one
for the three-dimensional response analysis.
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Table 1. Value of C in ey = CMpL/EI Based on Different Conditions
of Opposite End of a Member

Moment at Opposite End

(clockwise positive) Value of C
Mp 1/6
/2 1/
0 1/3
-M,/2 5/12
M 1/2
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Fig. 1. Moment-Rotation, Ductility
Based on Rotation

Fig. 2. M-8 Curve of Node 3 for
Horizontal and Vertical
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Moment

Rotation

Fig. 6. Moment-Rotation Boundary for One End of a Member
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Fig. 7. Elastic Strain Energy of a Member Based on M-6 Relationship
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Fig. 8. 10-Story, 1-Bay Plane Frame of Example 1
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Fig. 21. Column Ductilities About X Axis of Fig. 13 for N-S, E-W, and Vertical Components of

1940 E1 Centro
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Fig. 21. Column Ductilities About X Axis of Fig. 13 for N-S, E-W, and Vertical Components of
1940 E1 Centro
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